We present a path-space integral representation of the semigroup associated with the quadratic form obtained by a lower-order perturbation of the L 2 -infinitesimal generator L of a general symmetric Markov process. An illuminating concrete example for Crucial to the development is the use of an extension of Nakao's stochastic integral for zero-energy additive functionals and the associated Itô formula, both of which were recently developed in [3] .
Introduction
Let A(x) := (a ij (x)) 1≤i,j≤d be a symmetric matrix-valued function on R n that is uniformly elliptic and bounded. It is well-known that there is a conservative symmetric diffusion {Ω, X, P x , x ∈ R d } on R d with infinitesimal generator L := . Moreover X has the following Fukushima decomposition (see [11] )
where M = (M 1 , · · · , M d ) is a square-integrable martingale additive functional of X with quadratic covariation M i , M j t = t 0 a ij (X s )ds and N = (N 1 , · · · , N d ) is a continuous additive functional of X locally of zero energy. Let b and b be two R d -valued functions on R d , and c a measurable function on R d such that |b| + | b| ∈ L p 1 (R d ) for some p 1 > d (resp. p 1 ≥ 2) and c ∈ L p 1 (R d ) for some p 2 > d/2 (resp. p 2 ≥ 1) in case d ≥ 2 (resp. d = 1). In [16] , Lunt, Lyons and Zhang showed that the semigroup {T t , t ≥ 0} generated by the following operator
is given by Here r t is the time-reversal operator on Ω from time t > 0; that is, given a path ω ∈ Ω, r t (ω)(s) := ω(t − s), if 0 ≤ s ≤ t,
Recently, Fitzsimmons and Kuwae [10] extended the above result from symmetric diffusions X on R d associated with bounded uniformly elliptic divergence-form operators to general symmetric diffusions with no killing inside the state space. The purpose of this paper is to establish similar results for general symmetric Markov processes which may have discontinuous sample paths and killing inside the state space. An illuminating concrete example to keep in mind while reading this paper is that of X a discontinuous symmetric Lévy process killed upon exiting a domain, such as the sum of a Brownian motion on R d and an independent symmetric α-stable process on R d that is killed upon leaving an open ball. When X is a discontinuous symmetric Markov process, its martingale additive functionals may be discontinuous. These discontinuities pose many challenges when studying transformations of X of a form analogous to that found in (1.3) . One of the challenges is to define stochastic integral for zero-energy additive functionals of X and to establish the associated Itô formula. Nakao [19] has defined such a stochastic integral for a class of integrands that is too restrictive for our investigation. In our recent paper [3] , we established the necessary stochastic integration theory for zero-energy additive functionals of X as well as the corresponding Itô formula via a time-reversal technique. The main result of the current paper extends not only the results in [16] and [10] but also the Feynman-Kac transforms by continuous additive functionals of zero energy studied in Chen and Zhang [8] and the pure-jump Girsanov transforms and discontinuous Feynman-Kac transforms in Chen [1] and in Chen and Song [5] - [6] .
The following is a more detailed description of this paper.
Throughout this paper, X = (Ω, F ∞ , F t , X t , ζ, P x , x ∈ E) is an m-symmetric right Markov process on a Lusin space E, where m is a positive σ-finite measure with full topological support on E. A cemetery state ∂ is added to E to form E ∂ := E ∪ {∂}, and Ω is the totality of rightcontinuous, left-limited (rcll , for short) sample paths from [0, ∞[ to E ∂ that hold the value ∂ once attaining it. For any ω ∈ Ω, we set X t (ω) := ω(t). Let ζ(ω) := inf{t ≥ 0 | X t (ω) = ∂} be the life time of X. As usual, F ∞ and F t are the minimal augmented σ-algebras obtained from F 0 ∞ := σ{X s | 0 ≤ s < ∞} and F 0 t := σ{X s | 0 ≤ s ≤ t} under P x ; see Section 3 below for more details. We sometimes use a filtration denoted by (M t ) on (Ω, M) in order to represent several filtrations, for example, (
and others introduced later. We use θ t to denote the shift operator defined by θ t (ω)(s) := ω(t + s), t, s ≥ 0. Let ω ∂ be the path starting from ∂.
The transition semigroup of X, {P t , t ≥ 0}, is defined by
Each P t may be viewed as an operator on L 2 (E; m); collectively these operators form a strongly continuous semigroup of self-adjoint contractions. The Dirichlet form associated with X is the bilinear form
Here we use the notation (f, g) m := E f (x)g(x) m(dx). Since (E, F) is a quasi-regular Dirichlet form, we know from [4] that (E, F) is quasi-homeomorphic to a regular Dirichlet form on a locally compact metric space. Thus without loss of generality, we may and do assume that X is an msymmetric Hunt process on a locally compact metric space E, whose associated Dirichlet form (E, F) is regular in L 2 (E; m) and that m is a positive Radon measure on E with full topological support. For notions such as quasi-continuous, quasi-everywhere (abbreviated as q.e. or E-q.e.), Enest, martingale additive functional, continuous additive functionals, F loc , etc. we refer the reader to [11] and [17] . In particular, we recall that an increasing sequence of closed sets {F n } is an E-nest
1 -dense in F, where E 1 (u, u) := E(u, u) + (u, u) m and F Fn := {u ∈ F : u = 0 m-a.e. on E \ F n }. A function f is said to be locally in F (denoted as f ∈ F loc ) if there is an increasing sequence of finely open Borel sets {D k , k ≥ 1} with ∪ ∞ k=1 D k = E q.e. and for every k ≥ 1, there is f k ∈ F such that f = f k m-a.e. on D k .
The main purpose of this paper is to establish a probabilistic representation (via a combination of Girsanov and Feynman-Kac transformations) of the semigroups of certain lower-order perturbations of the Dirichlet form E. To discuss these perturbations we need to establish some notation.
A positive continuous additive functional (PCAF in abbreviation) of X (call it A) determines a measure µ = µ A on the Borel subsets of E via the formula
The measure µ is necessarily smooth, in the sense that µ charges no exceptional set of X and there is an E-nest {F n } of closed subsets of E such that µ(F n ) < ∞ for each n ∈ N. Conversely, given a smooth measure µ, there is a unique PCAF A µ such that (1.4) holds with A = A µ . In the sequel we refer to this bijection between smooth measures and PCAFs as the Revuz correspondence, and to µ as the Revuz measure of A µ . A smooth measure ν is said to be of the Hardy class if there are constants δ > 0 and γ ≥ 0 such that
It is well known that for every u ∈ F, u has a quasi-continuous m-versionũ. As a rule we take u to be represented by its quasi-continuous version (when such exists), and drop the tilde from the notation. Let
• M and N denote, respectively, the space of MAFs of finite energy and the space of continuous additive functionals of zero energy. For u ∈ F, the following Fukushima decomposition holds:
) is a PCAF, and the associated Revuz measure (as in (1.4) ) is denoted by µ M (see [3] ). More generally, if M u is the martingale part in the Fukushima decomposition (1.5) of u ∈ F, then M u , M is a CAF locally of bounded variation, and we have the associated Revuz measure µ M u ,M , which is locally the difference of smooth (positive) measures. Now let M and M be two locally square-integrable MAFs on I(ζ) such that µ M and µ M are of the Hardy class, and let A µ be a CAF locally of bounded variation whose Revuz measure µ has total variation |µ| of the Hardy class. Here
, where ζ i is the totally inaccessible part of ζ (see the comment before Definition 2.1). As the main result of this paper (Theorem 3.1), we show that under a suitable condition on the δ coefficients in the Hardy inequality for µ M , µ M , and |µ|, the form perturbation (Q, F) of (E, F) defined by
determines a strongly continuous semigroup {T t , t ≥ 0} of operators on L 2 (E; m), where ϕ and ψ are Borel functions bounded below away from −1, coming from the jump parts of M and M respectively, and {T t , t ≥ 0} admits the representation
Here r t is the time-reversal operator defined on the path space Ω of X as follows: Given a path ω ∈ {t < ζ}, 
and is given explicitly by the formula
(1 + ∆Y s )e −∆Ys .
As mentioned previously, this result was first obtained by Lunt, Lyons and Zhang [16] when X is a conservative symmetric diffusion on R d whose L 2 -infinitesimal generator is an elliptic operator of divergence form, and then by Fitzsimmons and Kuwae [10] in case X is a diffusion process on a Lusin space E with no killing inside E. The jumps of X, as allowed in the context of the present paper, complicate the study. To deal with these complications we are compelled to develop certain aspects of the stochastic calculus of symmetric Markov processes (in particular a general enough version of Itô's formula), which have been addressed very recently in our separate paper [3] . See Section 2 below for a quick review.
A special case ( M = 0 and M purely discontinuous) of the above result was obtained by Chen and Song [5] (see also [1] and [6] ) in the broader context of "nearly symmetric" right Markov processes, under somewhat more stringent conditions on µ M and µ. In [5] µ M is assumed to be in the Kato class while µ is only assumed to satisfy the condition Gµ + ∞ < 1, G being the potential kernel for X. Recall that the Revuz measure ν of a PCAF A ν is said to be of the Kato class provided lim
and that the Kato class is a subclass of the Hardy class. We write K(X) for the Kato class and
In Section 5, we show that the main result of this paper (Theorem 3.1) yields an extension of the Feynman-Kac formula for zero energy CAF N u studied by Chen and Zhang in [8] , where u is a function in F having Kato class energy measure µ M u .
The remainder of the paper is organized as follows. A quick review of the needed stochastic integration with respect to a continuous additive functional of zero energy is given in Section 2. Section 3 contains the statement of our main result (Theorem 3.1) as well as some auxiliary lemmas needed for its proof. The proof of Theorem 3.1 is completed in section 4. In Section 5 we show that the Feynman-Kac formula for zero-energy CAF perturbations (Theorem 1.2 of Chen and Zhang [8] ) can be deduced from Theorem 3.1 of the present paper.
Stochastic integral for Dirichlet processes
In this section, we give a quick review of Nakao's [19] definition of stochastic integral with respect to an additive functional of zero energy and our time-reversal approach to the stochastic integral for Dirichlet processes developed in [3] .
Let (N (x, dy), H t ) be a Lévy system for X; that is, N (x, dy) is a kernel on (E ∂ , B(E ∂ )) and H t is a PCAF with bounded 1-potential such that for any nonnegative Borel function φ on E ∂ × E ∂ vanishing on the diagonal and any x ∈ E ∂ ,
To simplify notation, we will write
Let µ H be the Revuz measure of the PCAF H. Then the jumping measure J and the killing measure κ of X are given by
These measures feature in the Beurling-Deny decomposition of E: for f, g ∈ F,
where E (c) is the strongly local part of E. For u ∈ F, the martingale part M u t in (1.5) can be decomposed as
where M u,c t is the continuous part of martingale M u , and
are the jump and killing parts of M u , respectively. See Theorem A.3.9 of [11] . The limit in the expression for M u,j is in the sense of convergence in the norm of
• M and of convergence in probability under P x for E-q.e. x ∈ E (see [11] ). The Revuz measure µ M u of M u will usually be denoted by µ u .
Let N * ⊂ N denote the class of continuous additive functionals of the form N u + · 0 g(X s )ds for some u ∈ F and g ∈ L 2 (E; m). Nakao [19] constructed a certain linear map Γ from
in the following way. It is shown in [19] that, for every Z ∈ • M, there is a unique w ∈ F such that
This unique w is denoted by γ(Z). The operator Γ is defined by
It is shown in Nakao [19] that Γ(Z) can be characterized by the following equation
So in particular we have Γ(M u ) = N u for u ∈ F. Nakao [19] used the operator Γ to define a stochastic integral
for some u ∈ F and some signed smooth measure µ} ,
. However Nakao's definition of stochastic integral places restrictions on the integrand f (X t ) and on the integrator N u that are too stringent for our study of the perturbation theory of general symmetric Markov processes. We now recall the definition of the stochastic integral introduced in our recent paper [3] , using time-reversal.
For T an (F t )-stopping time, we will use T p and T i to denote, respectively, the predictable and totally inaccessible parts of the given (F t )-stopping time T of X, that is, T p := T Λp and [20] ). It is shown in [20] that T p and T i are (F t )-stopping times if T is an (F t )-stopping time. We set I(
For a locally square-integrable
Such a function ϕ is unique up to a measure J * -null set on E × E ∂ , where J * denotes the measure
We will call ϕ the jump function of M .
Definition 2.1 Let M be a locally square-integrable MAF on I(ζ) with jump function ϕ. Assume
for E-q.e. x ∈ E, where ϕ(x, y) := ϕ(x, y) + ϕ(y, x). Define, P m -a.s. on [0, ζ[,
where K t is the purely discontinuous local MAF on I(ζ) with
It is shown in [3, Theorem 3.5] that Λ(M ) = Γ(M ) when M is an MAF of X having finite energy. In other words, the above Λ operator extends Nakao's Γ operator.
Note that for f ∈ F loc , M f,c is well defined as a continuous MAF on [0, ζ[ locally of finite energy. Moreover, for f ∈ F loc and a locally square-integrable MAF M on I(ζ),
is a locally square-integrable MAF on I(ζ). For a locally square-integrable MAF M on I(ζ), denote by M c its continuous part, which is also a locally square-integrable MAF on I(ζ) (see Theorem 8.23 in [12] ). The following definition of stochastic integral is introduced in [3] .
Definition 2.2 (Stochastic integral)
Suppose that M is a locally square-integrable MAF on I(ζ) and f ∈ F loc . Let ϕ : E ∂ × E ∂ → R be a jump function for M , and assume that ϕ satisfies condition (2.5). Define,
whenever Λ(f * M ) is well defined and the third term in the right hand side of (2.8) is absolutely convergent.
It is shown in [3, Remark 3.8(ii) and Theorem 4.6] that the above defined stochastic integral extends Nakao's definition of the stochastic integral (2.4) and enjoys a generalized Itô formula.
Perturbation
Recall that a smooth measure µ is in the Hardy class (write µ ∈ H(X)) if there are constants
A well-known sufficient condition for µ ∈ H(X) is that for some δ > 0 and β ≥ 0 the β-potential U β µ is bounded above E-q.e. by δ, in which case γ = δβ does the job in (3.1). Let M , M be two locally square-integrable MAFs on I(ζ). Let M c and M c denote the continuous parts of M and M respectively, and let ϕ and ψ be jump functions for M and M respectively; thus ϕ and ψ are Borel functions on E ∂ × E ∂ , vanishing on the diagonal, such that
We assume ϕ > −1 and ψ > −1 on E ∂ × E ∂ . Let M and M denote the dual predictable projections of [M ] and [ M ] respectively. Note that
and
Let µ be a signed smooth measure; thus µ uniquely determines a continuous additive functional A µ of bounded variation on each compact time interval. Let µ M and µ M be the smooth measures associated with the PCAFs M t and M t . Then
Given these elements, we define a quadratic form Q on F: For f, g ∈ F,
It is easy to check that there is a constant C > 0 that
Moreover,
where
The quadratic form (Q, F) is closed on L 2 (E; m). Standard resolvent theory now yields the existence of the associated strongly continuous semigroup (Q t ) t≥0 of operators on L 2 (E; m) with Q t 2→2 ≤ e α 0 t for all t ≥ 0. Define a multiplicative functional Z = (Z t ) by
and an operator
The main result of this paper is the following. Because of (3.5), the condition (3.8) below holds if the constant δ 0 defined in (3.2) is strictly less than 1.
Theorem 3.1 Assume that µ M , µ M and |µ| are all in the Hardy class H(X), and that there are constants α > 0 and c > 1 such that
Then {T t , t ≥ 0} defined by (3.7) coincides with the strongly continuous semigroup {Q t , t ≥ 0} on L 2 (E; m) associated with (Q, F).
The rest of this section is devoted to the statement and proof of two lemmas needed for the proof of Theorem 3.1.
is a semigroup of bounded linear operators in L 2 (E; m).
(ii) Let F be a closed set and G its fine interior under X. If
where we use the fact that m t := 0<s≤t ϕ(X s− , X s ) − t 0 N (ϕ)(X s )dH s is a purely discontinuous martingale and coincides with
where ψ(x, y) := ψ(y, x), ψ + (x, y) := ψ + (y, x). Decompose the CAF A µ as the difference A µ + −A µ − of PCAFs with mutually singular Revuz measures µ + and µ − , respectively. Then µ + ≤ |µ|, and because
Let f and g be non-negative elements of L 2 (E; m). Then by Hölder's inequality and the expression (3.6) for Z t ,
where D t := 3 0<s≤t ψ + (X s− , X s ) and
is the sum of the PCAF associated with the Revuz measure η and the discontinuous increasing AF 3 0<s≤t ϕ + (X s− , X s ). Note that D t := 3 0<s≤t ψ + (X s− , X s ) = D t • r t P m -a.s. on {t < ζ}. Now e 3M c t −(9/2) M c t is a positive supermartingale, so E x [e 3M c t −(9/2) M c t ] ≤ 1 for E-q.e. x ∈ E. Thus the first factor on the right side of (3.11) is no bigger than g 2/3
2 . Because M c is even (i.e., M c t • r t = M c t , P m -a.s. on {t < ζ} for each t > 0; see (3.13) in [9] ), the middle factor on the right side of (3.11) is equal to
because e 3 M c t −(9/2) M c t is also a positive supermartingale. Finally, by Proposition 2.3 in Chen and Song [5] , the cube of the last factor in (3.11) is estimated by
for some k 0 > 0. Feeding these estimates into (3.11) we find that
which proves the assertion.
(ii) By (3.9) and (3.10), we have that P m -a.s. on {t < τ G }
s . Applying Doob's inequality to the submartingale exp(1 F * M ρ ) t together with Lemma 4.1(i) in Chen and Zhang [8] we see that, because 1 F µ ρ ∈ K(X), the expectation of the eighth power of the second factor of (3.14) is estimated by
, the expectation of the eighth power of (3.15) is estimated by
, by using Proposition 2.3 in [8] again, the expectations of the eighth power of (3.16) (after time reversion with respect to the part process on G) and (3.17) are estimated by k 3 e k 3 t for some k 3 > 0. Denote by C
(1)
t , C (3) t and C (4) t , the second factor of (3.14), (3.15), (3.16) and (3.17) respectively. Then
while for i = 3,
Here r t is the time reverse operator under the part process on G. Therefore we have the desired estimate. 2
Under the assumptions of Theorem 3.1, it is clear that the bilinear form (Q, F) is a closed, lower-bounded quadratic form. Therefore there exists a strongly continuous semigroup, {Q t , t ≥ 0}, associated with (Q, F). Let (L Q , D(L Q )) be its corresponding L 2 -generator. On the other hand, it can be shown that the operators {T t , t ≥ 0} defined in (3.7) form a strongly continuous semigroup on
where W and U f are purely discontinuous local MAFs on I(ζ) with
e. x ∈ E for each t > 0. Thus, we have the purely discontinuous local MAF W (resp. U f ) on I(ζ) with the property (3.20) (resp. (3.21)). Since µ M (E) < ∞, M is an MAF having finite energy and so by (2.2) and [3, Theorem 3.5] there is some ρ ∈ F such that
By Definition 2.1,
where K is a purely discontinuous local MAF on I(ζ) with
The condition E N (|ψ|)dµ H = E N (|ψ|)dµ H ∈ K(X) implies the integrability of K, hence K is a martingale. Therefore on {t < ζ},
Note that
By (3.24)-(3.25) above and Theorem 5.2.4 in [11] ,
Note that it was shown in [3, Remark 3.8(ii)] that Γ(f * M ) = Λ(f * M ) and that by Definition 1.2,
It follows from (3.26)-(3.27) that
Now by the Itô formula in [3, Theorem 4.7] and the above identity, we have
which is a semimartingale. Note that Z 1 t can be rewritten as
By Itô's formula for semimartingales,
and using (3.28)-(3.29), we get (3.19) after many terms cancel out. This calculation is tedious and must be done with care. It is fairly easy to calculate out the martingale part, the quadratic variation part and continuous additive part while applying Itô's formula. However the calculation of the jump part of Z 1 t · (e −2ρ(Xt) f (X t )) using Itô's formula can be frustrating. The best way to 
and so
Proof of Theorem 3.1.
Lemma 4.1 Under the conditions of Theorem 3.1, the quadratic form (Q, F) defined in (3.3) possesses the positivity preserving property in the sense of [18] .
Proof. By Proposition 1.3(i) in [18] , it suffices to show Q(f + , f − ) ≤ 0 for f ∈ F. Let Q (c)+(k) be the sum of continuous part and killing part of Q:
Proof. The proof is an easy calculation. We also note that for
Proof of Theorem 3.1. As in the analogous argument in [10] , we can construct a common Enest {F n } n∈N (of compact sets) such that (i) 1 Fn (µ M +µ M +|µ|) ∈ K 0 (X) for each n ∈ N and (ii) there exists ρ n ∈ F such that Λ( M c ) t = N ρn t − t 0 ρ n (X s )ds for 0 ≤ t < τ Fn P m -a.s., ρ n | Fn ∈ C(F n ) and 1 Fn µ ρn ∈ K 0 (X) for each n ∈ N. Here we use the fact Λ(1 Fn * M c ) t = Λ( M c ) t for 0 ≤ t < τ Fn P m -a.s. and µ M c (F n ) < ∞. The latter implies that 1 Fn * M c is an MAF of finite energy under X and there exists a ρ n ∈ F such that Λ(
Let E n denote the fine interior of F n and define F (n) := {u ∈ F | u = 0 E-q.e. on E c n }, and let Q (n) denote the restriction of Q to F (n) . Clearly (Q (n) , F (n) ) is a quasi-regular positivity preserving coercive closed form on L 2 (E n ; m) satisfying the same hypothesis as (Q, F). In fact, (Q (n) , F (n) ) is related to the restriction of E to F (n) (which is the Dirichlet form of the part process X En ) in exactly the same way that (Q, F) is related to (E, F).
(i) First assume that |ϕ| and |ψ| are bounded above and below away from 0. Note that 1 Fn N (|ϕ| + |ψ|)µ H ∈ K 0 (X) because of the boundedness of |ϕ| and |ψ| away from 0. Then the conditions of Lemmas 3.2 and 3.3 are satisfied by X En and (
. Let τ n be the first exit time of X from E n . Then by Lemma 3.3 (applied to X En and (Q (n) , F (n) )),
because f (X τn ) = 0, P m -a.s. Here was used the fact that Z (n) (resp. M c,(n) , W (n) , U f,(n) ), the analog of Z (resp. M c , W , U f ) with respect to X En and (Q (n) , F (n) ), coincides with Z (resp. M c , W , U f ) on [0, τ n [. Let {T k } be an increasing sequence of (F t )-stopping times with T k ↑ ζ as k → ∞ reducing the local martingale terms on the right hand side of (3.19) . Replacing t by t ∧ T k in (4.2) and taking expectations we obtain
for m-a.e. x ∈ E n . Hence, for non-negative g ∈ L 2 (E n ; m) we have
Because f is bounded, Lemma 3.2(ii) for 1 En , g ∈ L 2 (E n ; m) permits us to conclude that, as k → ∞, the left side of (4.4) converges to E gm [f (X t∧τn )Z t∧τn ]. On the other hand, because
the left hand side of (4.5) is in L 2 (E n ; m) from Lemma 3.2(i), where
(4.6)
Passing to the limit in (4.4) as k → ∞, we obtain
first for non-negative, and then for all g ∈ L 2 (E n ; m). Then
, which is a consequence of the fact that these resolvents are associated with quasi-regular positivity preserving forms (see the argument in [10] ). Substituting f k for f in (4.8) and then passing to the limit as k → ∞, we see that (4.8) is valid for all f ∈ D(L Q,(n) ), since any such f can be written as V (n)
. That is, we have,
for all f ∈ D(L Q,(n) ). This implies the strong continuity of T
is a Kato class smooth measure with respect to X En . Hence
Thus, using (L (n) , D(L (n) )) to denote the infinitesimal generator of (T
dt be the resolvent operator associated with L (n) . Fix u ∈ L 2 (E n ; m) and
This identity of resolvents implies that the associated semigroups (T (n) t ) and (Q (n) t ) coincide under the boundedness of |ϕ|, |ψ| away from 0.
(ii) Secondly, we assume only that ψ is bounded below away from 0. For general ϕ > −1, define
We now prove (4.12). Since
where K t is the purely discontinuous MAF on I(ζ) with respectively. Let (N, H) be a Lévy system of X. By (2.6) in [3] , for t < ζ,
and (E, F) is given by
(u(x) − u(y)) 2 |x − y| d+α dxdy < ∞ .
The process X has a Lévy system (N, H), where N (x, dy) := A(d, −α)|x − y| −(d+α) dy and H t = t. So µ H (dx) = dx. We say that a measurable function f on R d is of Kato class (resp. Hardy class) if the measure |f (x)|dx is of Kato class (resp. Hardy class) and write f ∈ K(X) (resp. f ∈ H(X)). Since there exists C > 0 such that p t (x, y) ≤ Ct −d/α for all x, y ∈ R d , we have L p (R d ) ⊂ K(X) ⊂ H(X) if p > d/α (resp. p ≥ 1) for the case d > α (resp. for d = α = 1) (see [15] ). For d > α, we have the following Sobolev inequality
For every f ∈ L d/α (R d ) and every δ > 0, there is γ > 0 such that 1 {|f |>γ} f d/α ≤ δ/C 2 d,α . So when d > α, we have for u ∈ F, By Chen-Song [7] , the following Hardy inequality holds: Let M , M be locally square-integrable MAFs with ∆M t = ϕ 1 (X t− , X t ) and ∆ M t = ϕ 2 (X t− , X t ) for t ∈]0, ζ[. Then by Theorem 3.1, T t f (x) := E x [Z t f (X t )] with Z t := Exp M t • r t Exp(M t )(1 + ϕ 2 (X t , X t− )) gives the strongly continuous semigroup associated with 
